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Outline

• Puzzling behavior of HR in real Clinical trials with subgroups

• HR can make a purely prognostic biomarker seem predictive

• Two issues:

• Efficacy measure such as HR and OR are not logic respecting and non-collapsible at the 
population level

• Current computer software and common analysis methods help mask the problem

• Our proposal: logic respecting estimands at population level and SME for data 
analysis

• Steps to implement SME using either parametric or non-parametric approach

• Simultaneous CI for biomarker subgroups and overall population based on real clinical trials

• Summary
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• POPLAR data demonstrated proof of principle for bTMB as 
a predictor of PFS clinical outcome

• OAK data confirm bTMB as a potential non-invasive 
biomarker of PD-L1-directed immunotherapy.



Is bTMB a predictor of clinical benefit in NSCLC patients 
treated with atezolizumab in OAK study?

PFS OS



Rerun of the OAK trial data* shows that bTMB is mostly a 
prognostic (instead of predictive) biomarker in terms of OS

Estimated median OS from Weibull fit with bTMB, Trt and the interaction term

*Liu et al (2021)



HR behavior for purely prognostic biomarker based on 
simulation 

Replicated the pattern observed in 
OAK trial

Conflicting message in terms which pt
subgroup benefits most

Per disjoint biomarker subgroup, generated 10,000 (total 70,000) time-to-event random variable that follows Weibull distribution. Simulated data present purely prognostic 
biomarker (i.e. constant HR within each disjoint biomarker subgroup but with increasing baseline hazard across different subgroups). 



For any cut point of the bTMBc value, the 
marginal HR for whole data {g+, g-} is always 
outside range of the HRs of bTMBc subgroups.

Ex) bTMBc cut = 40

0.712 0.737 0.798

{g-} {g+} {g+, g-} 

HR 

HR behavior for purely prognostic biomarker based on 
simulation

Marginal HR: HR for the overall population using Trt as only covariate in the cox model



Our proposal

• logic respecting Estimands*:  
• 𝜃 ∈ [𝜃𝑔− , 𝜃𝑔+]

• 𝜃 is efficacy in {g-, g+}

• 𝜃𝑔− is efficacy in {g-}

• 𝜃𝑔+ is efficacy in {g+}

• Logic-ensuring Estimation:
• Analysis principles that ensures 

logical relationships in the 
estimates

• ෠𝜃 ∈ [ ෠𝜃𝑔− , ෠𝜃𝑔+]

• Subgroup Mixable Estimation 
(SME)*

10*Ding et al (2016); Lin et al (2019)

In population space In sample space



Logic-respecting vs collapsible Estimands

Collapsible*

𝜃 = (𝑤𝑔−𝜃𝑔− +𝑤𝑔+𝜃𝑔+)/(𝑤𝑔−+ 𝑤𝑔+)

Logic-respecting

𝜃 ∈ [𝜃𝑔− , 𝜃𝑔+]
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Commonalities:
• Population level definition
• Not tied to specific models
• Non-logic-respecting and non-collapsible behavior are different from 

confounding and can occur despite randomization and large sample size   

• Introduced in general setting, not 
specific to subgroups 

• Require specification of weights 
𝑤𝑔−, 𝑤𝑔+ ≥ 0

• No requirement on weights

*Huitfeldt et al. (2019)

In population spacepopulation space



Logic respecting efficacy estimands for all endpoint types

Endpoint type Efficacy Estimand Logic-respecting?

Continuous Difference of means Yes

Binary
Difference of props Yes

Relative risk (RR) Yes

Odds ratio (OR) No

Time-to-event
(TTE)

HR No

Difference of medians No 

Ratio of medians (RoM) Yes*

Difference of RMSTs/milestone 
probabilities

Yes

Ratio of RMSTs/milestone 
probabilities

Yes

12* When there is proportional hazards within each subgroup under Weibull model

In population spacepopulation space



Incorrect analysis methods in analyzing real clinical trial data

• For non-logic-respecting efficacy measures such as HR

• LSMEANS in PROC PHREG produces marginal HR that is between the subgroup 
HRs by

• So it appears that marginal HR is always in between subgroup HRs

• However, this is not the real marginal HR

• For logic-respecting efficacy measures in the form of difference of 
expectation

• Marginal models/analysis can lead to illogical behavior in estimates

13

InSample space

𝑯𝑹𝒎 = 𝒆𝒙𝒑 𝜸+ 𝒍𝒐𝒈𝑯𝑹+ + 𝜸− 𝒍𝒐𝒈𝑯𝑹−



Marginal model estimates can lead to illogical behavior even 
for logic respecting efficacy measure 

• DoM estimator from conditional model is LS-means estimator

• ෠𝜃𝐿𝑆 = ෠𝐸 𝑌𝑖|𝑇𝑖 = 𝑅𝑥, 𝐺𝑖 = 𝑔+ 𝜸+ + ෠𝐸 𝑌𝑖|𝑇𝑖 = 𝑅𝑥, 𝐺𝑖 = 𝑔− 𝜸− − [ ෠𝐸 𝑌𝑖|𝑇𝑖 = 𝐶, 𝐺𝑖 = 𝑔+ 𝜸+ + ෠𝐸 𝑌𝑖|𝑇𝑖 = 𝐶, 𝐺𝑖 = 𝑔− 𝜸−]

• DoM estimator from marginal model is

• ෠𝜃𝑚 = ො𝛼∗ = ෠𝐸 𝑌𝑖|𝑇𝑖 = 𝑅𝑥 − [ ෠𝐸 𝑌𝑖|𝑇𝑖 = 𝐶 ]
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Two models to estimate difference of means (DoM): θ = 𝐸 𝑌𝑖|𝑇𝑖 = 𝑅𝑥 − 𝐸 𝑌𝑖|𝑇𝑖 = 𝐶

Conditional model

Marginal model
Mix within each Rx and C using 𝜸+, 𝜸−

*𝜇 = 1, 𝛼 = −1, β = 1, 𝛿 = 0.5, 𝛾+ = 1/3, 𝜎 = 1, 1:1 allocation with N=120

Directly pooling data within each treatment arm

𝜃𝑔+ = −0.5

𝜃𝑔− = −1

illogical behavior when መ𝜃𝑚 ∉ [ መ𝜃𝑔−, መ𝜃𝑔+]

መ𝜃𝐿𝑆,    መ𝜃𝑚 ,     መ𝜃𝑔+, መ𝜃𝑔−,

18.57% illogical behavior 
among 10,000 simulations* 

InSample space



RMST difference based on marginal KM curves may 
disrespect logic

15

Even though RMST difference is logic respecting at population level, 
estimated RMST difference by the pooled KM estimate for Rx and C is 
not always in between those from the subgroups

*Data generated with exponential distribution, median for C arm is 6, 10 for g+, g- and HR=0.7 for both subgroups

෠𝜃𝑚

෠𝜃𝑔+

෠𝜃𝑔−

Marginal KM estimated by 
pooling g-, g+ pts in Rx and C 
arm separately

N=160, 1:1 RR, 𝛾+ = 0.5* 

InSample space



Correct analysis methods for logic respecting efficacy 
measures for all endpoint types 

Principle of Subgroup Mixable Estimation (SME)

1.Get estimated treatment effect for (g+,Rx), (g-, Rx), (g+,C), (g-,C) and associated 
variance matrix estimates 

2.Get estimates of Rx and C treatment effect for overall pop: 
• mix within Rx and C on the probability scale by population or pooled sample prevalence

3.Calculate estimates of efficacy (Rx vs C) in g+ and g- and overall pop and associated 
simultaneous CI

16

g- g+

Rx ො𝑣𝑔−
𝑅𝑥 ො𝑣𝑔+

𝑅𝑥

C ො𝑣𝑔−
𝐶 ො𝑣𝑔+

𝐶

Overall

Rx ො𝑣𝑅𝑥

C ො𝑣𝐶

Mix within Rx

Mix within C

g- g+

Rx vs C መ𝜃𝑔− መ𝜃𝑔+

Overall

Rx vs C መ𝜃

Get simultaneous CI for 
(𝜃𝑔−, 𝜃𝑔+ , 𝜃)

1 2

33

No need to explicitly 
find the coefficient 

for mixing መ𝜃𝑔− and 
መ𝜃𝑔+ to get መ𝜃

InSample space



Following SME to produce simultaneous CI for 
RoM under Weibull model

• Fit Weibull model ℎ(𝑡) = ℎ0 𝑡 𝑒𝑥𝑝 𝛽1𝑇 + 𝛽2𝐺 + 𝛽3𝑇𝐺

• ℎ0 𝑡 = 𝜅𝜆𝜅𝑡𝜅−1, 𝜅 and 𝜆 are the shape and rate parameters, respectively

0. Estimate all parameters and covariance matrix 

1. Within Rx or C, compute median for g+/g- and overall population 𝑣 =
(𝑣𝑔−

𝐶 , 𝑣𝑔−
𝑅𝑥,𝑣𝑔+

𝐶 , 𝑣𝑔+
𝑅𝑥, 𝑣𝐶 , 𝑣𝑅𝑥) = 𝑔 𝜙, 𝑡 where g(.) is implicit function by solving 

the following equations

Replacing estimator ෡𝝓 with 𝝓 above to get the estimator ෝ𝝂

Mix on the probability scale within Rx and C

InSample space



Following SME to produce simultaneous CI for 
RoM under Weibull model

2. Compute the estimated variance and covariance matrix of Ƹ𝜈 by the 
implicit delta method (Benichou & Gail 1989)

• We know ෡𝝓 ∼ 𝑁(𝜙, Σ) from Weibull model fitting, then ෝ𝝂 ∼ 𝑁(𝝂, Σ𝜈) where
• Σ𝜈 = 𝐽−1ΗΣΗ′(𝐽−1)′

• 𝐽 =
𝜕𝑔𝑖

𝜕𝑣𝑗
for i,j=1,…,6 should be a diagonal 6X6 matrix

• Η =
𝜕𝑔𝑖

𝜕𝜙𝑗
for i=1,…,6; j=1,…,5 is a 6X5 matrix

• Covariance matrix of Ƹ𝜈 can be estimated as ෠Σ𝑣evaluated at (෡𝝓, ෝ𝝂)

InSample space



Following SME to produce simultaneous CI for 
RoM under Weibull model

3. Calculate ratio of median for g+/g-, overall and estimated variance 
and covariance matrix based on multivariate Delta method
• Let ොη = log ෝ𝝂 then ොη ∼ 𝑁(𝑙𝑜𝑔(𝝂), Σ𝑙𝜈 = 𝐷Σ𝜈𝐷

′) where D is the diagonal 
matrix with 1/𝜈𝑖 𝑖=1,…,6

• Let 𝑢1 = 𝜂2 − 𝜂1; 𝑢2 = 𝜂4 − 𝜂3; 𝑢3 = 𝜂6 − 𝜂5 then 

• 𝒖 = (log(𝜈𝑔−
𝑅𝑥/𝜈𝑔−

𝐶 ), log(𝜈𝑔+
𝑅𝑥/𝜈𝑔+

𝐶 ), log(𝜈𝑅𝑥/𝜈𝐶 ))

• ෝ𝒖 ∼ 𝑁(𝒖, Σ𝑢 = ΜΣ𝑙𝜈Μ
′) where Μ = 𝜕𝑢𝑖/𝜕𝜂𝑗 i=1,2,3;j=1,…,6 is a 3X6 matrix

• Calculate the critical value q using the multivariate normal distribution of ෝ𝒖 as follows

𝑃
ෝ𝑢1−𝑢1

𝑠𝑒 ෝ𝑢1
< 𝑞,

ෝ𝑢2−𝑢2

𝑠𝑒 ෝ𝑢2
< 𝑞,

ෝ𝑢3−𝑢3

𝑠𝑒 ෝ𝑢3
< 𝑞 = 1 − 𝛼

• Simultaneous CI for 𝒖 is then 𝑰𝒖 = 𝐼𝑢1 × 𝐼𝑢2 × 𝐼𝑢3where 𝐼𝑢𝑖 = ො𝑢𝑖 ± 𝑞 × 𝑠𝑒(ො𝑢𝑖)

• Point estimator for (𝜈𝑔−
𝑅𝑥/𝜈𝑔−

𝐶 , 𝜈𝑔+
𝑅𝑥/𝜈𝑔+

𝐶 , 𝜈𝑅𝑥/𝜈𝐶 ) is exp ෝ𝒖 with simultaneous 
CI exp(𝑰𝒖)

InSample space



Following SME to produce simultaneous CI for RMST 
difference using non-parametric KM estimates

1. Let us use 𝑣 = (𝑣𝑔−
𝐶 , 𝑣𝑔−

𝑅𝑥,𝑣𝑔+
𝐶 , 𝑣𝑔+

𝑅𝑥, 𝑣𝐶 , 𝑣𝑅𝑥) to denote the RMST for g-/g+ and 

overall population within each treatment arm

2. Obtain the overall Rx and C RMST estimates and claim

3. RMST difference u can be written as                                                   and 
simultaneous CI can be calculated using  

20
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Efficacy
Measure

Group
Weibull model

Ratio Difference

RMST

PD-L1-
1.393 

(1.101,1.762)
4.726 

(1.624,7.827)

PD-L1+
1.245 

(1.088,1.424)
3.777 

(1.579,5.976)

Overall
1.286 

(1.143,1.446)
4.089 

(2.292,5.887)

1-year 
survival 

rate

PD-L1-
1.482 

(1.102,1.993)
20.8% 

(6.8%,34.8%)

PD-L1+
1.261 

(1.088,1.463)
15.3% 

(6.2%,24.4%)

Overall
1.320 

(1.154,1.510)
17.1% 

(9.5%,24.8%)

95% sim. CIs for RoM (right) and ratio/difference 
of RMST and 1-year OS rate (below) 

Applying SME to Keynote189 OS

ℎ(𝑡) = ℎ0 𝑡 𝑒𝑥𝑝 𝛽1𝑇 + 𝛽2𝐺 + 𝛽3𝑇𝐺

where ℎ0 𝑡 = 𝜅𝜆𝜅𝑡𝜅−1

PD-L1-

PD-L1+

Fit following Weibull model:

M&M plot

RoM estimate=1.76, 1.66, 1.70
95% sim. CI are the arcs in M&M plot

InSample space



Weibull model results

Applying SME to 
Keynote189 OS

Non-parametric KM results

PD-L1+

PD-L1-

InSample space



Summary

• Using non-logic respecting efficacy measures such as HR can potentially 
harm patients due to incorrect treatment benefit assessment

• Explaining to clinicians that “HR in the overall pop and HR in the 
subgroups are apples and oranges and should not be compared” is not 
the right message

Our recommendation:
• Summarize clinical trial results with logic respecting efficacy measure

• Use SME to correctly analyze clinical trial results using either parametric 
or non-parametric approaches to guarantee logical behavior (thus 
marginal agreeing with conditional)
• Shiny app and R codes available for implementation
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MET study: Ph2 NSCLC1

KN-426: Ph3 RCC PFS3

Clinical Trials with two subgroups where HR is not logic 
respecting

27
1.Spigel et. al. (2013). 2. Paz-Ares et. Al. (2021); 3. Powles et. Al. (2020) 

CM-9LA: Ph3 NSCLC OS2



Conditional and marginal HR disagree at both pop and sample level

• At population level:
• With a purely prognostic subgroup G={g+,g-}, marginal HR gets closer to 1 

than the common subgroup HR 

28
50% prevalence; prognostic effect is the HR between g+ and g-; HR_mg is calculated as HR from the cox model with Trt as the only covariate – even 
though the theoretical HR for overall pop depends on time when prognostic effect is present; HR_mg is viewed as average HR (Xu and O’Quigley 2000)

Subgroup HR=0.64
for g+ and g-



Logic-respecting vs collapsible Estimands

Collapsible*

𝜃 = (𝑤𝑔−𝜃𝑔− +𝑤𝑔+𝜃𝑔+)/(𝑤𝑔−+ 𝑤𝑔+)

Logic-respecting

𝜃 ∈ [𝜃𝑔− , 𝜃𝑔+]

29

Commonalities:
• Population level definition
• Not tied to specific models
• Non-logic-respecting and non-collapsible behavior are different from 

confounding and can occur despite randomization and large sample size   

• Introduced in general setting, not 
specific to subgroups 

• Require specification of weights 
𝑤𝑔−, 𝑤𝑔+ ≥ 0

• No requirement on weights

*Huitfeldt et al. (2019)

In population spacepopulation space



Causal interpretations

Difference of expectations:

• 𝐸(𝑌𝑖 𝑅𝑥 − 𝑌𝑖(𝐶)) = 𝐸 𝑌𝑖
𝑅𝑥 − 𝐸 𝑌𝑗

𝐶

“How the outcome of treatment compares to what would have happened 
to the same subjects under different treatment conditions…”*

Population average of the 
difference in potential
outcomes when the same 
person takes Rx vs C 

In population spacepopulation space

Difference in population 
average of observed outcomes 
from pts taking Rx vs other pts 
taking C 

*ICH E9 (R1) guidance



Difference of expectation 
(D0E)

• 𝐸(𝑌𝑖 𝑅𝑥 − 𝑌𝑖(𝐶)) = 𝐸(𝑌𝑖 𝑅𝑥 ) − 𝐸(𝑌𝑖(𝐶)) = 𝐸 𝑌𝑖
𝑅𝑥 − 𝐸 𝑌𝑗

𝐶

• 𝐸(𝑌𝑖 𝑅𝑥 ) = 𝐸𝐺[𝐸(𝑌𝑖 𝑅𝑥 |𝐺𝑖)] = 𝐸𝐺[𝐸(𝑌𝑖 𝑅𝑥 |𝑇𝑖 = 𝑅𝑥, 𝐺𝑖)] = 𝐸𝐺|𝑇=𝑅𝑥 [𝐸(𝑌𝑖 𝑅𝑥 |𝑇𝑖 =

𝑅𝑥, 𝐺𝑖)] = 𝐸(𝑌𝑖 𝑅𝑥 |𝑇𝑖 = 𝑅𝑥) = 𝐸 𝑌𝑖
𝑅𝑥

• Similarly 𝐸(𝑌𝑖 𝐶 ) = 𝐸 𝑌𝑖
𝐶 = 𝐸 𝑌𝑗

𝐶

• DoE in the overall is a weighted ave of DoE in the subgroups by prevalence

• 𝐸 𝑌𝑖
𝑅𝑥 − 𝐸 𝑌𝑖

𝐶 = [𝐸 𝑌𝑖
𝑅𝑥|𝐺𝑖 = 𝑔+ 𝛾+ + 𝐸 𝑌𝑖

𝑅𝑥|𝐺𝑖 = 𝑔− 𝛾−] − [𝐸 𝑌𝑖
𝐶|𝐺𝑖 = 𝑔+ 𝛾+ + 𝐸൫𝑌𝑖

𝐶|𝐺𝑖 =

In the setting of RCT, let Gi=g+ or g- denote 
subgroup and Ti=Rx or C denote randomization 
assignment, we have 
• Ignorability: 𝑇𝑖 ⊥ (𝑌𝑖 𝑅𝑥 , 𝑌𝑖 𝐶 )|𝐺𝑖
• 𝑇𝑖 ⊥ 𝐺𝑖

In population spacepopulation space
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Efficacy estimand in the form of ratio

• Following similar ideas for difference, ideally one is interested in                             

𝐸(𝑌𝑖 𝑅𝑥 /𝑌𝑖(𝐶))

• Population average of the ratio in potential outcomes when the same person 𝑖

takes Rx vs C, but can’t be estimated using observed data 𝑌𝑖
𝑅𝑥, 𝑌𝑗

𝐶

• 𝐸(𝑌𝑖 𝑅𝑥 /𝑌𝑖(𝐶)) ≠ 𝐸(𝑌𝑖
𝑅𝑥/𝑌𝑗

𝐶) as i and j are from different pts

• Alternative 1: 𝐸(𝑌𝑖 𝑅𝑥 )/𝐸 𝑌𝑖 𝐶 =𝐸(𝑌𝑖
𝑅𝑥)/𝐸(𝑌𝑗

𝐶)

• Example: Relative Risk for binary endpoint

• Note: 𝐸(𝑌𝑖 𝑅𝑥 )

𝐸(𝑌𝑖 𝐶 )
≠ 𝐸𝐺

𝐸 𝑌𝑖 𝑅𝑥 𝐺𝑖

𝐸 𝑌𝑖 𝐶 𝐺𝑖

In population spacepopulation space



Efficacy estimand in the form of ratio

• Ideally, we want E
𝑌𝑖(𝑅𝑥)

𝑌𝑖(𝐶)

• Alternative 2:

• E log
𝑌𝑖(𝑅𝑥)

𝑌𝑖(𝐶)
= E log 𝑌𝑖(𝑅𝑥) − log 𝑌𝑖(𝐶) = E log 𝑌𝑖

𝑅𝑥 − log 𝑌𝑗
𝐶 = E log

𝑌𝑖
𝑅𝑥

𝑌𝑗
𝐶

• This is a different estimand from log E
𝑌𝑖(𝑅𝑥)

𝑌𝑖(𝐶)

• Under log normal, common variance (e.g. bioequivalence), it relates to 
“Alternative 1” – assumption doesn’t hold with subgroup effect

• E log
𝑌𝑖(𝑅𝑥)

𝑌𝑖(𝐶)
= E log

𝑌𝑖
𝑅𝑥

𝑌𝑗
𝐶 = log

𝐸[𝑌𝑖
𝑅𝑥]

𝐸[𝑌𝑗
𝐶]

In population spacepopulation space



Hypothetical example 1- prognostic & predictive subgroup effect

Survival time (months) g+ g-

𝑌𝑖 𝑅𝑥 2 5

𝑌𝑖 𝐶 1 10

𝑌𝑖 𝑅𝑥 /𝑌𝑖 𝐶 2 1/2

34

Same pt taking Rx and C, 106 SS each cell, Total 
N=2*106, 𝑌𝑖 𝑅𝑥 /𝑌𝑖 𝐶 can’t be observed

E
𝑌𝑖(𝑅𝑥)

𝑌𝑖(𝐶)
= 0.5 ∗ 2 + 0.5 ∗

1

2
= 1.25

Q: Is there a need to define treatment effect for the overall population? 

Survival time (months) g+ g- g+ and g- combined

𝑌𝑖
𝑅𝑥 2 5 0.5*2+0.5*5=3.5

𝑌𝑗
𝐶 1 10 0.5*1+0.5*10=5.5

Different pts taking Rx and C, 106 SS each cell, Total N=4*106

Can be observed in clinical trials

𝐸
𝑌𝑖
𝑅𝑥

𝑌𝑗
𝐶 = 0.25 ∗

2

1
+ 0.25 ∗

2

10
+ 0.25 ∗

5

1
+ 0.25 ∗

5

10
= 1.925

E log
𝑌𝑖(𝑅𝑥)

𝑌𝑖(𝐶)
= 0.5 ∗ log 2 + 0.5 ∗ log

1

2
=

0 ⇒ 1 (after exponentiation)

𝐸[𝑌𝑖(𝑅𝑥)]

𝐸[𝑌𝑖(𝐶)]
=

0.5∗2+0.5∗5

0.5∗1+0.5∗10
= 
3.5

5.5
= 0.64

𝐸[𝑌𝑖
𝑅𝑥]

𝐸[𝑌𝑗
𝐶]

=
0.5∗2+0.5∗5

0.5∗1+0.5∗10
= 
3.5

5.5
= 0.64

E log
𝑌𝑖
𝑅𝑥

𝑌𝑗
𝐶 = E log 𝑌𝑖

𝑅𝑥 − log 𝑌𝑗
𝐶 = E log 𝑌𝑖

𝑅𝑥 − E log 𝑌𝑗
𝐶

= [0.5 ∗ log 2 + 0.5 ∗ log 5 ] − [0.5 ∗ log 1 + 0.5 ∗ log 10 ] = 0

In population spacepopulation space



Hypothetical example 2 - purely prognostic subgroup effect

Survival time (months) g+ g-

𝑌𝑖 𝑅𝑥 2 10

𝑌𝑖 𝐶 1 5

𝑌𝑖 𝑅𝑥 /𝑌𝑖 𝐶 2 2

35

Same pt taking Rx and C, 106 SS each cell, Total 
N=2*106, 𝑌𝑖 𝑅𝑥 /𝑌𝑖 𝐶 can’t be observed

E
𝑌𝑖(𝑅𝑥)

𝑌𝑖(𝐶)
= 0.5 ∗ 2 + 0.5 ∗ 2 = 2

Two alternatives are consistent with the ideal estimand of expectation of ratios in this case

Different pts taking Rx and C, 106 SS each cell, Total N=4*106

Can be observed in clinical trials

𝐸
𝑌𝑖
𝑅𝑥

𝑌𝑗
𝐶 = 0.25 ∗

2

1
+ 0.25 ∗

2

5
+ 0.25 ∗

10

1
+ 0.25 ∗

10

5
= 3.6

E log
𝑌𝑖(𝑅𝑥)

𝑌𝑖(𝐶)
= 0.5 ∗ log 2 + 0.5 ∗ log 2 =

log(2) ⇒ 2 (after exponentiation)

𝐸[𝑌𝑖(𝑅𝑥)]

𝐸[𝑌𝑖(𝐶)]
=

0.5∗2+0.5∗10

0.5∗1+0.5∗5
= 
6

3
= 2

𝐸[𝑌𝑖
𝑅𝑥]

𝐸[𝑌𝑗
𝐶]

=
0.5∗2+0.5∗10

0.5∗1+0.5∗5
= 
6

3
= 2

E log
𝑌𝑖
𝑅𝑥

𝑌𝑗
𝐶 = E log 𝑌𝑖

𝑅𝑥 − log 𝑌𝑗
𝐶 = E log 𝑌𝑖

𝑅𝑥 − E log 𝑌𝑗
𝐶

= [0.5 ∗ log 2 + 0.5 ∗ log 10 ] − [0.5 ∗ log 1 + 0.5 ∗ log 5 ]
= log(2)

In population spacepopulation space

Survival time (months) g+ g- g+ and g- combined

𝑌𝑖
𝑅𝑥 2 10 0.5*2+0.5*10=6

𝑌𝑗
𝐶 1 5 0.5*1+0.5*5=3



Hypothetical example 3 - purely predictive subgroup effect

Survival time (months) g+ g-

𝑌𝑖 𝑅𝑥 2 10

𝑌𝑖 𝐶 1 1

𝑌𝑖 𝑅𝑥 /𝑌𝑖 𝐶 2 10

36

Same pt taking Rx and C, 106 SS each cell, Total 
N=2*106, 𝑌𝑖 𝑅𝑥 /𝑌𝑖 𝐶 can’t be observed

E
𝑌𝑖(𝑅𝑥)

𝑌𝑖(𝐶)
= 0.5 ∗ 2 + 0.5 ∗ 10 = 6

Ratio of expectations is the same as the expectation of ratios in this case, but not exponential of expectation of log ratios

Different pts taking Rx and C, 106 SS each cell, Total N=4*106

Can be observed in clinical trials

𝐸
𝑌𝑖
𝑅𝑥

𝑌𝑗
𝐶 = 0.25 ∗

2

1
+ 0.25 ∗

2

1
+ 0.25 ∗

10

1
+ 0.25 ∗

10

1
= 6

E log
𝑌𝑖(𝑅𝑥)

𝑌𝑖(𝐶)
= 0.5 ∗ log 2 + 0.5 ∗

log 10 = log 20 = log(4.5)

⇒ 4.5 (after exponentiation)

𝐸[𝑌𝑖(𝑅𝑥)]

𝐸[𝑌𝑖(𝐶)]
=

0.5∗2+0.5∗10

0.5∗1+0.5∗1
= 
6

1
= 6

𝐸[𝑌𝑖
𝑅𝑥]

𝐸[𝑌𝑗
𝐶]

=
0.5∗2+0.5∗10

0.5∗1+0.5∗1
= 
6

1
=6

E log
𝑌𝑖
𝑅𝑥

𝑌𝑗
𝐶 = E log 𝑌𝑖

𝑅𝑥 − log 𝑌𝑗
𝐶 = E log 𝑌𝑖

𝑅𝑥 − E log 𝑌𝑗
𝐶

= [0.5 ∗ log 2 + 0.5 ∗ log 10 ] − [0.5 ∗ log 1 + 0.5 ∗ log 1 ]
= log(4.5)

In population spacepopulation space

Survival time (months) g+ g- g+ and g- combined

𝑌𝑖
𝑅𝑥 2 10 0.5*2+0.5*10=6

𝑌𝑗
𝐶 1 1 0.5*1+0.5*1=1



Summary on Efficacy Estimand in the form of ratio 

• Among the three different causal estimands: 

A = E
𝑌𝑖(𝑅𝑥)

𝑌𝑖(𝐶)
,        B =

𝐸[𝑌𝑖(𝑅𝑥)]

𝐸[𝑌𝑖(𝐶)]
,        C = E log

𝑌𝑖(𝑅𝑥)

𝑌𝑖(𝐶)

• A can’t be estimated using observed data 𝑌𝑖
𝑅𝑥, 𝑌𝑗

𝐶 while B and C can

• C is not the same as A after exponentiation in most cases except when the 
subgroup effect is purely prognostic 

⇒ B seems to represent treatment effect reasonably well and are the same as A in 
purely prognostic and purely predictive subgroup effect cases 
• Examples: RR for binary endpoint, ratio of RMSTs/Milestone probabilities for TTE endpoint
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PROC PHREG DATA=DA2;
CLASS TRT01P(REF="CTL") BTMB40(REF="g-") /PARAM=GLM;
MODEL OS*OSCNSR(1)=TRT01P;
HAZARDRATIO 'H1' TRT01P/DIFF=ALL CL=BOTH;
LSMEANS TRT01P;
RUN;

Incorrect estimate of marginal HR in SAS LSMEANS that 
masks illogical behavior of HR

PROC PHREG DATA=DA2;
CLASS TRT01P(REF="CTL") BTMB40(REF="g-") /PARAM=GLM;
MODEL OS*OSCNSR(1)=TRT01P BTMB40 TRT01P*BTMB40;
STRATA BTMB40;
HAZARDRATIO 'H1' TRT01P/DIFF=ALL CL=BOTH;
LSMEANS TRT01P/EXP BYLEVEL;
RUN;

True marginal HR

𝒆𝒙𝒑 𝜸+ 𝒍𝒐𝒈𝑯𝑹+ + 𝜸− 𝒍𝒐𝒈𝑯𝑹−

LSmeans estimate of marginal HR from stratified model
LSmeans estimate of marginal HR from unstratified model

LSMEANS estimate of marginal HR always stays between 
subgroup HRs and changes depending on the cutoff 
value!

InSample space



Following SME to produce simultaneous CI for RMST 
difference using non-parametric KM estimates

1. Let us use 𝑣 = (𝑣𝑔−
𝐶 , 𝑣𝑔−

𝑅𝑥,𝑣𝑔+
𝐶 , 𝑣𝑔+

𝑅𝑥, 𝑣𝐶 , 𝑣𝑅𝑥) to denote the RMST for g-/g+ and 

overall population within each treatment arm

2. Obtain the overall Rx and C RMST estimates and claim

3. RMST difference u can be written as                                                   and 
simultaneous CI can be calculated using  
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Efficacy
Measure

Group
Weibull model

Ratio Difference

RMST

PD-L1-
1.265 

(1.058,1.512)
3.270 

(0.814,5.725)

PD-L1+
1.216 

(1.065,1.388)
2.840 

(0.930,4.749)

Overall
1.234 

(1.109,1.373)
3.009 

(1.500,4.517)

1-year 
survival rate

PD-L1-
1.343 

(1.068,1.688)
16.0%

(4.0%,28.0%)

PD-L1+
1.272 

(1.078,1.502)
13.8%

(4.5%,23.2%)

Overall
1.299 

(1.135,1.486)
14.7% 

(7.3%,22.0%)

95% sim. CIs for RoM (right) and ratio/difference 
of RMST and 1-year OS rate (below)

Applying SME to Checkmate-9LA OS

ℎ𝐺 𝑡 = ℎ0,𝐺 𝑡 𝑒𝑥𝑝 𝛽𝐺𝑇 for G={𝑔+, 𝑔+}
PD-L1+

Fit following separate Weibull models:

HR for overall: 0.67 ∉(0.62, 0.64) 

PD-L1-

M&M plot
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