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Outline

• Puzzling behavior of HR in real Clinical trials with subgroups
• HR can make a purely prognostic biomarker seem predictive

• Two issues:
• Efficacy measure such as HR and OR are not logic respecting and non-collapsible at 

the population level
• Current computer software and common analysis methods help mask the problem

• Our proposal: Follow Subgroup Mixable Estimation (SME) in analyzing 
clinical trial results for logic respecting efficacy measures

• Shiny app available to produce simultaneous CIs for subgroups and overall population

3*https://jchsustatsci.shinyapps.io/Ratio_of_Median_survival_times



• POPLAR data demonstrated proof of principle for bTMB as 
a predictor of PFS clinical outcome

• OAK data confirm bTMB as a potential non-invasive 
biomarker of PD-L1-directed immunotherapy.



Is bTMB a predictor of clinical benefit in NSCLC patients 
treated with atezolizumab in OAK study?

PFS OS



Rerun of the OAK trial data shows that bTMB is mostly a 
prognostic (instead of predictive) biomarker in terms of OS

Estimated median OS from Weibull fit with bTMB, Trt and interaction terms



HR behavior for purely prognostic biomarker based on 
simulation 

Replicated the pattern observed in 
OAK trial

Conflicting message in terms which pt
subgroup benefits most

Per disjoint biomarker subgroup, generated 10,000 (total 70,000) time-to-event random variable that follows Weibull distribution. Simulated data present purely prognostic 
biomarker that is the treatment effects (effect size, HR) are same throughout the disjoint biomarker subgroup with increasing baseline hazard. 



For any cut point of the bTMBc value, the 
marginal HR for whole data {g+, g-} is always 
outside range of the HRs of bTMBc subgroups.

Ex) bTMBc cut = 40

0.712 0.737 0.798

{g-} {g+} {g+, g-} 
HR 

HR behavior for purely prognostic biomarker based on 
simulation

Marginal HR: HR for the overall population using Trt as only covariate in the cox model



MET study: Ph2 NSCLC1

KN-426: Ph3 RCC PFS3

Clinical Trials with two subgroups where HR is not logic 
respecting

9 1.Spigel et. al. (2013). 2. Paz-Ares et. Al. (2021); 3. Powles et. Al. (2020) 

CM-9LA: Ph3 NSCLC OS2



HR for overall population trending toward 1 as 
prognostic effect increases

10

HR for two subgroups are both set at 0.64 with 50% prevalence; prognostic effect is the HR between g+ and g-; HR_mg is 
calculated as HR from the cox model with Trt as the only covariate – even though the theoretical HR for overall pop depends 
on time when prognostic effect is present; HR_mg is viewed as average HR (Xu and O’Quigley 2000)



Our proposal
• Current literature* still focusing on how to “fix” HR  

• Not to compare marginal vs conditional HRs** as they are like apple and oranges
• Advocating the use of conditional HR over marginal HR
• how to derive a more efficient marginal HR based on conditional models

We propose to replace HR with alternative efficacy measures that follow:
Efficacy measure for the overall population should always be in between the 
efficacy in the subgroups at both population and sample level
• For efficacy measures that respects this logic in the population space, they are 

called logic respecting efficacy measure
• But even for logic respecting efficacy measure, if incorrect analysis methods are 

used, illogical behavior can still be observed in the sample space

11*Daniel et al (2021)

– Solution: follow SME (Ding et al 2016; Lin et al 2019)

**Conditional HR: subgroup HR, i.e. HR conditioning on the subgroup



With SME** one does not have to choose 

Apples grow on apple trees Subgroup Mixable Estimation** makes 
marginal and conditional logical*

Conditioning doesn’t make apples oranges Assessing apples as oranges makes no sense

* For logic respecting efficacy measures

**Ding et al (2016); Lin et al (2019)



Logic respecting efficacy measures for all endpoint types

Endpoint 
type

Efficacy measure Logic-respecting 
efficacy measure?

Continuous Diff of means Yes

Binary
Diff of props Yes

Relative risk (RR) Yes

Odds ratio (OR) No

Time-to-event
(TTE)

HR No

Diff of medians No 

Ratio of medians (RoM) Yes*

Diff of RMST/milestone 
prob

Yes

Ratio of 
RMST/milestone prob

Yes
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In sample space:

• Incorrect analysis methods are 
currently implemented that can 
lead to 

• the masking of illogical 
behavior for non-logic-
respecting efficacy 
measures

• illogical behavior for logic-
respecting efficacy 
measures - marginal analysis

In population space:

* When there is proportional hazards within each subgroup under Weibull model



PROC PHREG DATA=DA2;
CLASS TRT01P(REF="CTL") BTMB40(REF="g-") 
/PARAM=GLM;
MODEL OS*OSCNSR(1)=TRT01P BTMB40 
TRT01P*BTMB40;
STRATA BTMB40;
HAZARDRATIO 'H1' TRT01P/DIFF=ALL CL=BOTH;
LSMEANS TRT01P;
RUN;

𝒆𝒆𝒆𝒆𝒆𝒆
𝟏𝟏
𝟐𝟐
𝒍𝒍𝒍𝒍𝒍𝒍𝑯𝑯𝑯𝑯+ +

𝟏𝟏
𝟐𝟐
𝒍𝒍𝒍𝒍𝒍𝒍𝑯𝑯𝑯𝑯−

Incorrect estimate of marginal HR in SAS LSMEANS that 
masks illogical behavior of HR

PROC PHREG DATA=DA2;
CLASS TRT01P(REF="CTL") BTMB40(REF="g-") /PARAM=GLM;
MODEL OS*OSCNSR(1)=TRT01P;
STRATA BTMB40;
HAZARDRATIO 'H1' TRT01P/DIFF=ALL CL=BOTH;
LSMEANS TRT01P;
RUN;

~ 𝜸𝜸+ 𝑯𝑯𝑯𝑯+ + 𝜸𝜸− 𝑯𝑯𝑯𝑯−



Marginal model estimates can lead to illogical behavior even 
for logic respecting efficacy measure 

• DoM estimator from conditional model is obtained by the following
• �𝜃𝜃𝑐𝑐 = �𝐸𝐸 𝑌𝑌𝑖𝑖|𝑇𝑇𝑖𝑖 = 𝑅𝑅𝑅𝑅,𝐺𝐺𝑖𝑖 = 𝑔𝑔+ 𝛾𝛾+ + �𝐸𝐸 𝑌𝑌𝑖𝑖|𝑇𝑇𝑖𝑖 = 𝑅𝑅𝑅𝑅,𝐺𝐺𝑖𝑖 = 𝑔𝑔− 𝛾𝛾− − [ �𝐸𝐸 𝑌𝑌𝑖𝑖|𝑇𝑇𝑖𝑖 = 𝐶𝐶,𝐺𝐺𝑖𝑖 = 𝑔𝑔+ 𝛾𝛾+ + �𝐸𝐸 𝑌𝑌𝑖𝑖|𝑇𝑇𝑖𝑖 = 𝐶𝐶,𝐺𝐺𝑖𝑖 = 𝑔𝑔− 𝛾𝛾−]
• = [ �𝐸𝐸 𝑌𝑌𝑖𝑖|𝑇𝑇𝑖𝑖 = 𝑅𝑅𝑅𝑅,𝐺𝐺𝑖𝑖 = 𝑔𝑔+ − �𝐸𝐸 𝑌𝑌𝑖𝑖|𝑇𝑇𝑖𝑖 = 𝐶𝐶,𝐺𝐺𝑖𝑖 = 𝑔𝑔+ ]𝛾𝛾++ [ �𝐸𝐸 𝑌𝑌𝑖𝑖|𝑇𝑇𝑖𝑖 = 𝑅𝑅𝑅𝑅,𝐺𝐺𝑖𝑖 = 𝑔𝑔− − �𝐸𝐸 𝑌𝑌𝑖𝑖|𝑇𝑇𝑖𝑖 = 𝐶𝐶,𝐺𝐺𝑖𝑖 = 𝑔𝑔− ]𝛾𝛾−

• DoM estimator from marginal model is �̂�𝜃𝑚𝑚 = �𝛼𝛼∗

• Known in the literature: �̂�𝜃𝑐𝑐 is more efficient than �̂�𝜃𝑚𝑚 regardless 
of the underlying true model

• 𝑉𝑉𝑉𝑉𝑉𝑉( �𝜃𝜃𝑐𝑐) ≤ 𝑉𝑉𝑉𝑉𝑉𝑉( �𝜃𝜃𝑚𝑚) under conditional model 
• 𝑉𝑉𝑉𝑉𝑉𝑉( �𝜃𝜃𝑐𝑐) ≈ 𝑉𝑉𝑉𝑉𝑉𝑉( �𝜃𝜃𝑚𝑚) under marginal model 

• Additionally: �̂�𝜃𝑐𝑐 is always logical while illogical behavior exists for �̂�𝜃𝑚𝑚
regardless of which model is true 15

Consider following two models to estimate difference of means (DoM): θ = 𝐸𝐸 𝑌𝑌𝑖𝑖|𝑇𝑇𝑖𝑖 = 𝑅𝑅𝑅𝑅 − 𝐸𝐸 𝑌𝑌𝑖𝑖|𝑇𝑇𝑖𝑖 = 𝐶𝐶

Conditional model
Marginal model

Under 𝛾𝛾+ = 1/3, 1:1 allocation, 10,000 simulations, 
% illogical behavior �𝜃𝜃𝑚𝑚 ∉ [ �𝜃𝜃𝑔𝑔−, �𝜃𝜃𝑔𝑔+]

True model N=24 N=120

Conditional model
𝜇𝜇 = 0,𝛼𝛼 = 1,𝛽𝛽 = 2, 𝛿𝛿 = 3,𝜎𝜎 = 1

8.8% 0.1%

Marginal model
𝜇𝜇∗ = 0,𝛼𝛼∗ = 1, 𝜎𝜎 = 1

9.8% 5.3%

�𝜃𝜃𝑔𝑔+ �𝜃𝜃𝑔𝑔−

Mix within each Rx and C first

Special for DoM



RMST difference based on marginal KM curves may 
disrespect logic

16

Even though RMST difference is logic 
respecting at population level, 
estimated RMST difference by the 
pooled KM estimate for Rx and C is 
not always in between those from 
the subgroups

N=160



Correct analysis methods for logic respecting efficacy 
measures for all endpoint types 

Principle of Subgroup Mixable Estimation (SME)

1.Fit a model (e.g. linear, logistic, log-linear, or weibull) to get LS 
estimates of main effects + interactions and associated variance-
covariance matrix estimates

2.Convert to estimates of Rx and C effect for g+ and g- and overall pop 
and estimate the corresponding var-cov matrix using δ-method

• To get estimates of Rx and C effect for overall pop: mix within Rx and C on the 
probability scale by population or pooled sample prevalence

3.Calculate estimates of efficacy (Rx vs C) in g+ and g- and overall pop 
and the corresponding var-cov matrix using δ-method

4.Calculate simultaneous CIs for efficacy in subgroups and overall pop 
based on Normal approximation based on δ-method

17



Efficacy
Measure Group

Weibull model

Ratio Difference

RMST

PD-L1- 1.264
(1.06,1.508)

3.276
(0.849,5.703)

PD-L1+ 1.217
(1.064,1.391)

2.842
(0.917,4.767)

Overall 1.235
(1.11,1.374)

3.013
(1.504,4.521)

1-year survival 
rate

PD-L1- 1.344
(1.071,1.686)

0.161
(0.042,0.281)

PD-L1+ 1.273
(1.077,1.505)

0.138
(0.044,0.232)

Overall 1.3
(1.136,1.488)

0.147
(0.073,0.221)

95% simultaneous CIs for RoM (right) and 
ratio/difference of RMST and 1-year OS rate 
(below)

Applying SME to Checkmate-9LA OS

ℎ 𝑡𝑡 𝑉𝑉𝑉𝑉𝑎𝑎,𝑔𝑔𝑉𝑉𝑔𝑔𝑔𝑔𝑔𝑔 = ℎ0 𝑡𝑡 𝑒𝑒𝑅𝑅𝑔𝑔 𝛽𝛽1𝑉𝑉𝑉𝑉𝑎𝑎 + 𝛽𝛽2𝑔𝑔𝑉𝑉𝑔𝑔𝑔𝑔𝑔𝑔 + 𝛽𝛽3𝑉𝑉𝑉𝑉𝑎𝑎 × 𝑔𝑔𝑉𝑉𝑔𝑔𝑔𝑔𝑔𝑔
where ℎ0 𝑡𝑡 = 𝜅𝜅𝜆𝜆𝜅𝜅𝑡𝑡𝜅𝜅−1

PD-L1- (135 vs. 129)

PD-L1+ (203 vs. 204)
Fit digitized data to the following Weibull model:

HR for overall: 0.67

M&M plot



Summary
• Using non-logic respecting efficacy measures such as HR can potentially 

harm patients due to incorrect treatment benefit assessment
• Explaining to clinicians that “HR in the overall pop and HR in the 

subgroups are apples and oranges and should not be compared” is not 
the right message

Our recommendation:
• Summarize clinical trial results with logic respecting efficacy measure 

such as RoM as first step
• Then use SME to correctly analyze clinical trial results for logic 

respecting efficacy measures to guarantee logical behavior even with 
limited sample size
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